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SUPERPOSITION OF FUNDAMENTAL SOLUTIONS OF
SECOND ORDER QUASILINEAR EQUATIONS
JEREMY T. TYSON
Abstract. We prove a superposition principle in the spirit of Crandall–
Zhang and Lindqvist–Manfredi for a class of second order quasilinear
equations. For suitable α, the α-Riesz potentials of nonnegative and
compactly supported continuous functions are either subsolutions or su-
persolutions for the operator Lp,qu = div(u
q−1|∇u|p−2∇u). This class of
operators includes both the p-Laplacian as well as the stationary porous
medium equation.
1. Introduction
In this paper we establish a superposition principle for supersolutions of a
class of second order quasilinear equations. The equation which we consider
includes both the p-Laplace equation and the stationary porous medium
equation as special cases. The aforementioned superposition principle was
first established for the p-Laplace equation by Crandall and Zhang [1]; see
also Lindqvist and Manfredi [6] for an alternate approach and more general
conclusions. The observation that such a superposition principle applies also
to stationary solutions of the porous medium equation is new and was the
initial impetus for this paper.
As a point of departure let us recall the role of the Riesz potential
(1.1) Iα(ρ)(x) = cn,α
∫
Rn
ρ(y)
|x− y|n−α
dy, cn,α =
Γ
(
n−α
2
)
pin/22αΓ(α2 )
,
in classical potential theory and harmonic analysis. When n ≥ 3 the opera-
tor I2 acts as inverse of the Laplacian: if ρ is a nonnegative and compactly
supported continuous function then (−△)(I2(ρ)) = ρ. In particular, I2(ρ)
is a nonnegative superharmonic function. A discrete analog of the preced-
ing observation is the fact that nonnegative superpositions of fundamental
solutions,
u(x) =
N∑
j=1
Aj |x− aj|
2−n, aj ∈ R
n, Aj ≥ 0,
are superharmonic.
Date: October 8, 2018.
The author was supported by NSF Grant DMS-1600650 ‘Mappings and measures in
sub-Riemannian and metric spaces’.
1
In [1], Crandall and Zhang made a surprising discovery: the preceding
superposition principle holds also for the nonlinear p-Laplace equation
△pu = div(|∇u|
p−2∇u), 1 < p <∞.
Specifically, they showed that linear combinations of the form
u(x) =
N∑
j=1
Aj|x− aj|
(p−n)/(p−1)
or
u(x) =
N∑
j=1
Aj log(1/|x − aj|)
with aj ∈ R
n and Aj ≥ 0, are p-sub- or p-superharmonic depending on the
choice of p > 2 and n. Recall that the fundamental solution of the p-Laplace
operator −△p is given by a multiple of the function x 7→ |x|
(p−n)/(p−1) or
x 7→ log(1/|x|) when 1 < p <∞.
Lindqvist and Manfredi [6] observed that the discrete result extends also
to the continuous (Riesz potential) setting, and generalized the results of
Crandall and Zhang to allow for other exponents besides (p − n)/(p − 1).
The main result of [6] reads as follows.
Theorem 1.1 (Lindqvist–Manfredi). Let ρ be a nonnegative and compactly
supported continuous function on Rn, n ≥ 3.
(1) If 2 ≤ p < n, then In−α(ρ) is p-superharmonic if 0 < α ≤
n−p
p−1 .
(2) If p > n, then In−α(ρ) is p-subharmonic if −α ≥
p−n
p−1 . Moreover,
In−α(ρ) is ∞-subharmonic if −α ≥ 1.
(3) If p = n then then function In(ρ)(x) =
∫
Rn
ρ(y) log |x − y| dy is
n-subharmonic.
Note the restriction to p ≥ 2. We refer the reader to [6, p. 134] for a
detailed discussion of the role of this assumption.
A related superposition principle for elliptic second order partial differen-
tial operators was considered by Laugesen and Watson in [5]. In [3] Theorem
1.1 was generalized to the setting of step two Carnot groups of Heisenberg
type, for the subelliptic p-Laplace equation. In that setting the relevant
Riesz potentials are defined by convolving with radial kernels defined using
Kaplan’s anisotropic homogeneous norm.
The starting point for this paper was the observation that a similar su-
perposition principle holds for stationary solutions of the porous medium
equation (PME). That is, if we set
Lqu = div(∇(u
q)), q > 0,
then Riesz potentials In−α(ρ) of nonnegative and compactly supported con-
tinuous functions ρ are either subsolutions or supersolutions for the operator
−Lq depending on the choice of q, n and α. This assertion is a special case
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of our main theorem (Theorem 1.2) stated below. The theory of the porous
medium equation
ut = div(∇(u
q))
is comprehensively developed in the books by Va´zquez [8] and DiBenedetto
[2]. The PME is a standard model for a variety of physically relevant sys-
tems, including flow of gas through a porous medium and heat radiation in
plasmas.
We will establish such a superposition principle for a class of second order
quasilinear equations which includes both the p-Laplace equation and the
stationary porous medium equation. Throughout this paper we fix
(1.2) n ≥ 3, q > 0, and p ≥ 2
and consider the operator
(1.3) Lp,qu := div(u
q−1|∇u|p−2∇u)
acting in Rn. This is the stationary form of the equation which is called
the doubly nonlinear diffusion equation in [8]. Manfredi and Vespri [7], in
their study of the asymptotics of solutions of the doubly nonlinear diffusion
equation, write ‘it seems interesting to see if and how many of the properties
of the solutions of the porous media and p-Laplacian equations are preserved
in this more general case’. This paper contributes to such a program of
research.
The operator Lp,q is closely related to the p-Laplace operator △p. For p
and q as above we set
(1.4) m =
p− 2 + q
p− 1
and note that m > 0. A straightforward computation, valid for nonnegative
C2 functions u, gives
(1.5) △p(u
m) = mp−1Lp,q(u).
By applying (1.5), or by a direct computation, one observes that the funda-
mental solution for −L is a multiple of
(1.6) x 7→ |x|(p−n)/(p−2+q)
or x 7→ log(1/|x|) if p = n. See Proposition 2.1 for a precise statement.
A function u is said to be a (weak) supersolution for the operator −Lp,q
if
(1.7) |u| ∈ Lmploc , |u|
m−1 |∇u| ∈ Lploc,
and for all nonnegative functions ϕ ∈ C∞0 (Ω),∫
Ω
|u|q−1|∇u|p−2〈∇u,∇ϕ〉 ≥ 0.
Compare, e.g., [7]. Subsolutions are defined similarly by reversing the in-
equalities. With the above definition in place it is easy to confirm that u
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is a nonnegative supersolution for the operator −Lp,q if and only if u
m is a
nonnegative supersolution for the p-Laplace operator −△p.
The main result of this paper is the following.
Theorem 1.2. Let ρ be a nonnegative and compactly supported continuous
function in Rn.
(1) If 2 ≤ p < n and q ≥ 1 then
(1.8) u := In−α(ρ)
is a supersolution for the operator −Lp,q if
0 < α ≤
n− p
p− 2 + q
.
(2) If p > n and 0 < q ≤ 1 then u := In−α(ρ) is a subsolution for −Lp,q
if
−α ≥
p− n
p− 2 + q
.
If p =∞ we may choose −α ≥ 1.
(3) If p = n and q > 0 then u(x) :=
∫
log |x−y| ρ(y) dy is a supersolution
for −Ln,q.
In view of the regularity properties of the function u in the theorem, the
conclusion can also be stated by saying that um (with m as in (1.4)) is
either p-superharmonic or p-subharmonic. By an approximation argument,
the latter conclusion continues to hold also for Riesz potentials of general
Radon measures satisfying a suitable growth condition. See Theorem 3.1.
Applying the latter conclusion to finite sums of Dirac masses, or by repeating
the proof of Theorem 1.2 in the discrete setting, we obtain the following
corollary.
Corollary 1.3. Let
u(x) =
N∑
j=1
Aj|x− aj|
−α
for points a1, . . . , aN ∈ R
n and nonnegative coefficients A1, . . . , AN . Then
the following conclusions hold.
(1) If 2 ≤ p < n, q ≥ 1 and p−np−2+q ≤ α < 0 then u
m is p-superharmonic.
(2) If p > n, 0 < q ≤ 1 and −α ≥ p−np−2+q then u
m is p-subharmonic. If
p =∞ and 0 < q ≤ 1 then we may choose any α satisfying −α ≥ 1.
(3) If p = n and q > 0 then u(x) =
∑
j Aj log(1/|x−aj |) is n-superharmonic.
Note that linear combinations of fundamental solutions as in Corollary
1.3 need not be supersolutions for the operator −Lp,q. Indeed, even the
fundamental solution itself does not satisfy the integrability conditions 1.7.
Let us briefly comment on the proof of Theorem 1.2. As previously men-
tioned, we first established this result for the stationary porous medium
equation. The argument in that case is similar to, but somewhat easier
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than, the argument in the p-Laplace case. In keeping with the overall theme
of the paper, our proof of Theorem 1.2 can loosely be described as ‘a su-
perposition of the p-Laplace and stationary PME proofs’. We explain in
detail the meaning of this assertion in section 3. We expand Lp,qu for the
function u in (1.8) and write the result as a sum of various expressions of
fixed sign, each depending on the values of n, p and q. This yields the de-
sired conclusion. In order to identify the desired expressions we carefully
decompose the expanded form of Lp,qu into two parts, which we treat inde-
pendently by the methods used in the p-Laplace and stationary PME cases.
The main subtlety in the proof lies in showing that this scheme is effective,
specifically, that the two terms which we obtain have the same sign. This
constraint leads to the restrictions on p and q indicated in the statement of
the theorem.
This paper is organized as follows. In section 2 we identify the fundamen-
tal solution for the operator Lp,q. In section 3 we give the proof of Theorem
1.2 and its counterpart (Theorem 3.1) for general Radon measures.
2. A fundamental solution for the operator Lp,q
In this section we compute the fundamental solution of the operator Lp,q
defined in (1.3). We first record the following expansion, which is valid for
C2 functions u:
Lp,qu = u
q−2|∇u|p−4
(
u|∇u|2△u+ (p− 2)u△∞u+ (q − 1)|∇u|
4
)
.
Here △∞u denotes the ∞-Laplacian of u, i.e.,
△∞u =
1
2〈∇|∇u|
2,∇u〉 =
∑
j,k
ujukuj,k,
where we have used subscripts to denote partial differentiation.
Proposition 2.1. For n ≥ 3, p ≥ 2 and q > 0, set
(2.1) γ =
p− n
p− 2 + q
.
The fundamental solution of the operator −Lp,q is given by
u0(x) = c(n, p, q)|x|
γ
if p 6= n, for a suitable choice of the constant c(n, p, q). If p = n the
fundamental solution is a multiple of log(1/|x|).
Proof. We first show that Lp,qu0 = 0 in the complement of the origin. We
compute
∇u = −γ|x|−γ−2x,
|∇u|2 = γ2|x|−2γ−2,
△u = γ(γ + 2− n)|x|−γ−2,
and
△∞u = γ
3(γ + 1)|x|−3γ−4.
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Hence
u|∇u|2△u+ (p − 2)|∇u|p−4△∞u+ (q − 1)|∇u|
4
=
{
γ3(γ + 2− n) + γ3(γ + 1)(p − 2) + γ4(q − 1)
}
|x|−4γ−4
and we note that the expression inside the braces vanishes precisely when γ
is as in (2.1).
To complete the proof we show that an appropriate choice of the constant
c(n, p, q) ensures that
−Lp,qu0 = δ0
in the sense of distributions, where δ0 denotes the Dirac distribution with
pole at the origin. Integrating −Lp,qu0 by parts against a test function
ϕ ∈ C∞0 (R
n) yields
c(n, p, q)p+q−2γp−1
∫
Rn
|x|γ(p+q−2)−p+1〈x,∇ϕ(x)〉 dx.
Substituting the value of γ indicated in (2.1) gives
(2.2) c(n, p, q)p+q−2γp−1
∫
Rn
|x|1−n〈x,∇ϕ(x)〉 dx
and we recognize the integral in (2.2) as coinciding with the action of the
distribution −△((2 − n)−1|x|2−n) on ϕ. An explicit value for the constant
c(n, p, q) can be computed from (2.2) and the value of the constant cn,2 in
(1.1). 
Remark 2.2. Proposition 2.1 can also be derived by using the relationship
between solutions for Lp,q and powers of solutions for △p, and the known
fundamental solution for the p-Laplacian.
3. Proof of Theorem 1.2
Since p ≥ 2, supersolutions u for the operator −L are characterized by
the pointwise inequality −Lu ≥ 0. We will compute the expression
(3.1) I := u|∇u|2△u+ (p − 2)u△∞u+ (q − 1)|∇u|
4
and will show that it has the correct sign depending on the values of p and
q as indicated. Note that γ > 0 in the first case, while γ < 0 in the second
case.
We drop the immaterial constant cn,α and consider
u(x) =
∫
ρ(y) dy
|x− y|α
in cases (1) and (2). Case (3) (the logarithmic case) is similar and will be
left to the reader.
We will compute formally by differentiating under the integral sign. The
ensuing computations are justified by the following remarks. First, since
ρ is compactly supported there are no convergence problems at infinity.
Moreover, the singularity at y = x is sufficiently mild so that the interchange
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of limits is justified. In fact, we always have α < n − 2. Note that α < 0
in case (2) so it suffices to consider case (1) (2 ≤ p < n and q ≥ 1). But in
that case we have
n− 2− α ≥ (n− 2)−
n− p
p− 2 + q
=
n(p+ q − 3)− (p + 2q − 4)
p− 2 + q
>
2(p + q − 3)− (p + 2q − 4)
p− 2 + q
=
p− 2
p− 2 + q
≥ 0.
The preceding remarks understood we proceed to compute various deriva-
tives of u. First,
uj(x) = −α
∫
(xj − yj)ρ(y) dy
|x− y|α+2
and
∇u(x) = −α
∫
(x− y)ρ(y) dy
|x− y|α+2
.
Thus
|∇u(x)|2 = α2
∫∫
〈x− y, x− z〉ρ(y)ρ(z) dy dz
|x− y|α+2|x− z|α+2
.
Next we compute second derivatives
uj,k(x) = −α
∫
δjkρ(y) dy
|x− y|α+2
+ α(α + 2)
∫∫
(xj − yj)(xk − yk)ρ(y) dy
|x− y|α+4
where δjk denotes the Kronecker delta. The Laplacian of u is then given by
△u = α(α + 2− n)
∫
ρ(y) dy
|x− y|α+2
and the ∞-Laplacian of u is given by
△∞u =
∑
j,k
(
−α3
∫∫∫
δjk(xj − yj)(xk − zk)ρ(y)ρ(z)ρ(v) dy dz dv
|x− y|α+2|x− z|α+2|x− v|α+2
+α3(α+ 2)
∫∫∫
(xj − yj)(xk − zk)(xj − vj)(xk − vk)ρ(y)ρ(z)ρ(v) dy dz dv
|x− y|α+2|x− z|α+2|x− v|α+4
)
= −α3
∫∫∫
〈x− y, x− z〉ρ(y)ρ(z)ρ(v) dy dz dv
|x− y|α+2|x− z|α+2|x− v|α+2
+ α3(α+ 2)
∫∫∫
〈x− y, x− v〉 〈x− z, x− v〉ρ(y)ρ(z)ρ(v) dy dz dv
|x− y|α+2|x− z|α+2|x− v|α+4
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The expression I in (3.1) can now be written as a sum of quadruple integrals:
I = α3(α+ 4− n− p)
∫∫∫∫
〈x− z, x− v〉dV
|x− y|α|x− z|α+2|x− v|α+2|x− w|α+2
+ (p− 2)α3(α+ 2)
∫∫∫∫
〈x− z, x− w〉 〈x − v, x−w〉dV
|x− y|α|x− z|α+2|x− v|α+2|x− w|α+4
+ (q − 1)α4
∫∫∫∫
〈x− y, x− w〉 〈x − z, x− v〉dV
|x− y|α+2|x− z|α+2|x− v|α+2|x− w|α+2
= I1 + I2 + I3
where we abbreviated dV = ρ(y)ρ(z)ρ(v)ρ(w) dy dz dv dw.
Observe that each of the quadruple integrals in the preceding equation is
nonnegative. Indeed, the first quadruple integral is equal to
∫
ρ(y) dy
|x− y|α
∫
ρ(w) dw
|x− w|α+2
∣∣∣∣
∫
(x− z)ρ(z) dz
|x− z|α+2
∣∣∣∣
2
and the other two expressions can be written in similar fashion. If α ≤ −2
then all three coefficients in front of these integrals are nonnegative and
hence I ≥ 0. This means that in case (2) of the main theorem we may
assume without loss of generality that
(3.2) α > −2.
We now fix
(3.3) λ = −(p− 2)(α + 2),
noting by (1.2) and (3.2) that λ ≤ 0, and we write I1 as the sum of two
terms I1,1 and I1,2, where I1,1 has the coefficient α+ 4− n − p replaced by
α+4−n− p−λ and I1,2 has that same coefficient replaced by λ. In I1,1 we
interchange the roles of the variables y and w and average the result with
I1,1 itself. This does not affect the value of I1,1. We then write
I = (I1,1 + I3) + (I1,2 + I2)
where
I1,1 + I3
= 12α
3(α+ 4− n− p− λ)
∫∫∫∫
〈x− z, x− v〉dV
|x− y|α|x− z|α+2|x− v|α+2|x− w|α+2
+ 12α
3(α+ 4− n− p− λ)
∫∫∫∫
〈x− z, x− v〉dV
|x− y|α+2|x− z|α+2|x− v|α+2|x− w|α
+ (q − 1)α4
∫∫∫∫
〈x− y, x− w〉 〈x− z, x− v〉dV
|x− y|α+2|x− z|α+2|x− v|α+2|x− w|α+2
(3.4)
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and
I1,2 + I2
= α3λ
∫∫∫∫
〈x− z, x− v〉dV
|x− y|α|x− z|α+2|x− v|α+2|x− w|α+2
+ (p− 2)α3(α + 2)
∫∫∫∫
〈x− z, x− w〉 〈x− v, x− w〉dV
|x− y|α|x− z|α+2|x− v|α+2|x−w|α+4
= α3λ
∫∫∫∫
(|x− w|2 〈x− z, x− v〉 − 〈x− z, x− w〉 〈x− v, x− w〉) dV
|x− y|α|x− z|α+2|x− v|α+2|x− w|α+2
.
(3.5)
Let us first analyze the expression in (3.5). We recall the identity |U |2〈V,W 〉−
〈U, V 〉 〈U,W 〉 = 〈U∧V,U∧W 〉, where we have introduced the induced inner
product on the space Λ2Rn of alternating two-vectors. We obtain
I1,2 + I2 = α
3λ
∫∫∫∫
〈(x− z) ∧ (x− w), (x− v) ∧ (x− w)〉 dV
|x− y|α|x− z|α+2|x− v|α+2|x− w|α+2
which in turn equals
α3λ
∫
ρ(y) dy
|x− y|α+2
∫
ρ(w)
|x− w|α+2
∣∣∣∣
∫
ρ(z)(x− z) ∧ (x− w)
|x− w|α+2
dz
∣∣∣∣
2
dw.
In case (1) (2 < p < n and q ≥ 1) we have λ ≤ 0 and α > 0. In this case,
I1,2 + I2 is nonpositive.
In case (2) (p > n and 0 < q ≤ 1) we have λ ≤ 0 and α < 0. In this case,
I1,2 + I2 is nonnegative.
We now turn to the expression in (3.4). Substituting the value of λ given
in (3.3) yields
I1,1 + I3
= 12α
3(α(p − 1) + (p− n))
∫∫∫∫
〈x− z, x− v〉dV
|x− y|α|x− z|α+2|x− v|α+2|x− w|α+2
+ 12α
3(α(p − 1) + (p− n))
∫∫∫∫
〈x− z, x− v〉dV
|x− y|α+2|x− z|α+2|x− v|α+2|x− w|α
+ (q − 1)α4
∫∫∫∫
〈x− y, x− w〉 〈x− z, x− v〉dV
|x− y|α+2|x− z|α+2|x− v|α+2|x− w|α+2
Since
α3(α(p − 1) + (p − n)) + (q − 1)α4 = α3(α(p − 2 + q) + (p− n))
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we may rewrite this as follows:
I1,1 + I3
= 12α
3(α(p − 2 + q) + (p− n))
∫∫∫∫
〈x− z, x− v〉dV
|x− y|α|x− z|α+2|x− v|α+2|x− w|α+2
+ 12α
3(α(p − 2 + q) + (p− n))
∫∫∫∫
〈x− z, x− v〉dV
|x− y|α+2|x− z|α+2|x− v|α+2|x−w|α
− 12 (q − 1)α
4
∫∫∫∫
|y − w|2〈x− z, x− v〉dV
|x− y|α+2|x− z|α+2|x− v|α+2|x− w|α+2
.
In case (2) we have
0 < q ≤ 1, α < 0, α(p−1)+(p−n) ≤ 0, and α(p−2+q)+(p−n) ≤ 0.
Hence all three terms are nonnegative.
In case (1) we have
q ≥ 1, α > 0, α(p− 1)+ (p−n) ≤ 0, and α(p− 2+ q)+ (p−n)) ≤ 0.
Hence all three terms are nonpositive.
Combining all of the preceding conclusions, we see that Lp,qu is nonnega-
tive or nonpositive as indicated in the statement of the theorem. The proof
of Theorem 1.2 is complete. 
In Theorem 1.2 we considered measures ρ(y) dy absolutely continuous
with respect to the Lebesgue measure. We now show how to extend the
conclusion to Riesz potentials of general Radon measures µ satisfying the
growth condition
(3.6)
∫
{y:|y|≥1}
dµ(y)
|y|α
<∞.
To this end, we make use of the connection between solutions for the operator
Lp,q and solutions for the p-Laplace operator △p. We denote by Iα(µ) the
Riesz potential of µ, defined to be
Iα(µ)(x) := cn,α
∫
Rn
dµ(y)
|x− y|n−α
,
where c(n, α) is defined as in the introduction. As discussed in the intro-
duction, we formulate the conclusion in terms of the p-superharmonicity or
p-subharmonicity of a power of In−α(µ).
Theorem 3.1. Let µ be a Radon measure on Rn satisfying the growth con-
dition (3.6) for some α.
(1) If 2 ≤ p < n and q ≥ 1 then
(In−α(µ))
m
is p-superharmonic if
0 < α ≤
n− p
p− 2 + q
.
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(2) If p > n and 0 < q ≤ 1 then (In−α(µ))
m is p-subharmonic if
−α ≥
p− n
p− 2 + q
.
If p =∞ we may choose −α ≥ 1.
(3) If p = n and q > 0 then (
∫
log |x− y| dµ(y))m is n-superharmonic.
Recall that m is the parameter defined in (1.4).
Proof. We follow a line of reasoning similar to that used by Lindqvist and
Manfredi (pp. 137–138 in [6]). We regularize µ by convolving with the heat
kernel. For t > 0 define
ρt(y) =
1
(4pit)n/2
∫
e−
|y−ξ|2
4t dµ(ξ)
and we consider
ut = In−α(ρt).
For simplicity we restrict attention to the case when
2 ≤ p < n and q ≥ 1 and α =
n− p
p− 2 + q
.
By Theorem 1.2, ut is a C
2 supersolution for the operator −Lp,q. Alter-
natively, as previously discussed, (ut)
m is a supersolution for the p-Laplace
operator, i.e., (ut)
m is p-superharmonic. Passing to a sequence (tk) with
tk ց 0, we have that (utk)
m → um a.e. By general results from the non-
linear potential theory of the p-Laplacian (see, for instance, Theorem 1.17
in [4]), the limit function um is p-superharmonic. The remaining cases are
handled similarly. This completes the proof. 
Remark 3.2. Our setting in this paper has been Euclidean space. We ex-
pect that similar conclusions should hold for quasilinear subelliptic equations
of the form
(3.7) divH(u
q−1|∇Hu|
p−2∇Hu) = 0
in step two Carnot groups of Heisenberg type, for instance, in the Heisenberg
group itself. See [3] for the special case of the p-Laplace equation
divH(|∇Hu|
p−2∇Hu) = 0.
Here∇Hu denotes the horizontal gradient and divH V denotes the horizontal
divergence of a horizontal vector field. We leave the analysis of (3.7) in
Heisenberg-type Carnot groups to a future paper.
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